ON THE THETA OPERATOR FOR MODULAR FORMS 
MODULO PRIME POWERS 
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Abstract. We consider the classical theta operator 9 on modular forms mod- 
ulo p"* and make a detailed study of its weight properties in the case of m = 2 
and level 1. The detailed study is restricted to the case of level 1 where the 
situation can be made explicit using the classical approach of Ramanujan, 
Swinnerton-Dyer, and Serre. However, part of the conclusions generalize to 
arbitrary m > 2 and general level N prime to p. 



1. Introduction 

Let p be a prime number. We shall assume p > 5 throughout the paper in order 
to avoid certain technicalities when p is 2 or 3. Also let G N be prime to p. 

Further let A;, m G N, /c > 1, denote by Mk{N,Zp) the Zp-module of modular 
forms of weight k for ri(iV) over Zp, and let Mfe(iV, Z/p"'Z) be the Z/p"Z-module 
of modular forms for ri(A^) over Thus, Affe(A^, Z/p™Z) is the image un- 

der the natural reduction map Mk{N,Zp) Mfc(7V, Z/p^Z). If TV = 1 we shall 
suppress N from the notation, writing just Mfc(Zp) etc. 

Let A:i fct be a collection of weights and let /i € Mki{N,7jp). The g-cxpansion 
of an element in a direct sum of the Affe. {N, Zp)'s or M^. {N, Z/p'"Z)'s is defined by 
extending linearly on each component. When we write /i + • • • + /t = (mod p™), 
we shall mean that the g-expansion fi{q) + . . . + ft{q) lies in p'"Zp[[g]]. Similarly 
for fi g Affc; (TV, Z/p"'Z), we write /i -I- . . . + /t = (mod p™) if the g-expansion of 
fi + ... + ft equals in (Z/p™Z)[[(7]]. In such a case, we say that fi + ... + ft is 
congruent to modulo p'" . 

Let us recall the definition and basic properties of the standard Eisenstein series 
on SL2(Z), cf. §1 of [9], for instance: the series 

71—1 

with Bk the /c'th Bernoulli number and (7t{n) :~ X)d|Ti'^* ^'^'^ usual divisor sum, is 
(with q := e^'^'^) for k an even integer > 4 a modular form on SL2(Z). Defining Ek 
as the normalization 

Ek '■= --fT- ■ Gk 

one has Ek = 1 (p*) when (and only when) k = {p^^^{p — !))■ 
There are natural inclusions (preserving g-expansions) 

A4(TV,Z/p'"Z) ^ Mk+p^-Hp-i)iN,Z/p"'Z), 
1 
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induced by multiplication by ]^ , using the fact that E'p.j^ =1 (modp"' ). Note 

that Epm-i(^p_i^ = Ep_i in AIk{N, Z/p™Z), again by the g-expansion principle, so 
that the map can also be seen as induced by multiplication by Epm-i(^p_iy 

As is well-known, when we specialize the above series for Gk to fc = 2 and define 

n—1 n—1 

then G2 does not represent a modular form in the usual sense, but does so in the p- 
adic sense, cf. [9], §2. One defines E2 as the normalization of G2, i.e., E2 := —246*2. 
Thus, E2 is also a p-adic modular form. 

Consider the classical theta operator 6f = J2E2 + -^df of Ramanujan. Its effect 
on g-expansions is an?" ^ X^n '^Q-n^". Since E2 is a p-adic modular form it is 
for any m £ N congruent modulo to a classical modular form of some weight. 
Thus we have E2 = £'p+i (mod p), for example, and since we classically know that 
d maps modular forms of weight k to modular forms of weight A: + 2, one obtains 
the classical operator 9 that maps Mk{N,¥p) to Mfe+p+i(A^, Fp). Studying this 
operator as well as its interaction with the 'weight filtration' (see below) is a key 
tool in the theory of modular forms modulo p; cf. for instance Jochnowitz' proof 
of finiteness of systems of Hecke eigenvalues mod p across all weights in [4], or 
Edixhoven's results on the optimal weight in Serre's conjectures [3]. 

As we have launched a general study of modular forms mod p™ in [2] and [1] 
it is natural to ask whether a operator with similar properties can be defined 
on such forms: one part of the motivation is obviously to investigate to whether 
Jochnowitz' arguments extend in any straightforward manner. But another part of 
the motivation is that consideration of the 9 operator is very natural from the point 
of view of Galois representations: We have discussed in [1] how one attaches Galois 
representations to eigenforms mod p™, and it is clear from the properties of those 
attached representations that applying the 9 operator corresponds on the Galois 
side to twisting by the cyclotomic character mod p™. Since this is a very natural 
operation on the Galois side, it is natural - and indeed necessary - to obtain a more 
detailed insight into what this operation means on the modular forms side. 

Notice that Serre shows in [9, Theoreme 5] that there exists a 9 operator on p-adic 
modular forms (of level 1) whose effect on g-expansions is Yin '^"9" ^ Tin "-'^"9" 
and that sends a form of (p-adic) weight fc to a form of weight fc + 2. One can view 
our results as finding a partially explicit expression with explicit weights for the 
mod reduction of this operator. 

Hence, our results are then that on the one hand an extension of the 9 operator 
from the mod p to the mod p™ situation is indeed possible, but that the interplay of 
the 9 operator with the weights of the forms becomes much more complicated when 
m > 1 and that, in fact, there are certain genuine qualitative differences between 
the case m = 1 and the general cases m > 1. Let us explain in detail. 

We show that a 9 operator on modular forms mod p™ can be defined such that 9 
maps MkiN,Z/p"'Z) Mk+k(m)iN,Z/p"'Z) with fc(m) := 2 + 2p"-i(p - 1), such 
that the effect on g-expansions is J^n '"^ ^(^nq", and such that 9 satisfies 
simple commutation rules with Hecke operators Ti for primes i ^ p. Cf. Theorem 1 
below (and also Proposition 3 for a more detailed statement) as well as Proposition 
5. The proofs use a number of results from [9] plus the observation that f \ V = 
(mod p) where V is the classical V operator. 
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If we define the weight Wp^ (/) of an modular form / mod p"\ / ^ (mod p), to 
be the smallest k such that / is congruent modulo p™ to an element of Mk{N, Z/p"'Z) 
then a classical fact, crucial for instance in the work [4], is that when m = 1 we 
have 'Wp{6f) < Wp{f) + p + 1 with equality if (and only if) p \ Wp{f). 

One might expect the generalization of this to be that w^m (6*/) < u)pm (/) + 2 + 
pm-i^jj _ 2) and that one has equality in some cases. However, wc shall show that 
this is false: 

In section 3, we consider the case = 1, jti = 2. Here, the expression for 6 
can be made completely explicit and we analyze in this case the relation between 
Wp2 (/) and Wpi. {Of) in detail. We show in particular that there are cases where 

Wp2 {Of) = Wp2 if) + 2 + 2p"-i(p - 1) = Wp2 if) + 2 + 2p{p - 1) = Wp2 if) + fc(2), 

where kim) = 2 + 2p™^^(p — 1), cf. Theorem 5 below. For example we have the 
following immediate corollary to Theorem 5: 

Corollary 1. Let f £ Mfc(Z/p^Z), / ^ (modp), and suppose that Wp2if) = 
Wpif) = k and that p\k. 

Then Wp2 iOf) = k + 2p{p - 1) + 2. 

As a matter of fact, this particular corollary has a fairly immediate generalization 
to the case of arbitrary N (prime to p) and arbitrary m > 2: Ifm>2,/e 
Mk{N, Z/p"'Z) with / ^ (mod p), and if Wp^ if) = Wp^-i (/) = ... = iVpif) = k 
where p\k then 

wp^ief) = k + 2p'^-Hp-i) + 2. 

The proof of this fact follows along the same lines as in the proof of Theorem 5, 
but uses the weight filtration results of [6], which are applicable to general level TV 
(prime to p). If we consider the Eisenstcin series Ep-i and as modular forms 

modulo p (in the sense of Katz) then Ep^i (Hasse invariant) has only simple zeros 
and no zero common with i?p+i; cf. [6, Remark on p. 57]. This allows one to argue 
as in Theorem 5 about the weight filtration of the last term of the expression for 
the 9 modulo p"*, which is the controlling term. We are indebted to Nadim Rustom 
for this observation, whose continuing work on these topics will appear elsewhere. 

However, as Theorem 5 shows, when m = 2 the relation between Wp2 {Of) and 
Wp2 if) appears far more complicated that for the case m = 1, and the more delicate 
parts of the Theorem 5 would seem to require more work to generalize as the proof 
relies on an explicit expression for modulo p^ . 

The proofs in section 3 are via the explicit methods of Swinnerton-Dyer and 
Serre [8] . The reader should notice that for simplicity we have chosen to formulate 
the results for modular forms with coefficients in Zp and hence reductions with 
coefficients in Z/p'^Z. However, the results carry over immediately without change 
to more general coefficients via base change (see e.g. [1], section 2.4). 

2. The theta operator modulo prime powers 

2.1. Eisenstein series. We shall now develop an explicit expression for the trun- 
cation modulo p"' of the p-adic Eisenstein series G2- 

Proposition 1. Let m G N. Define the positive even integers fco,...,fcm-i as 
follows: If m > 2, define: 

kj := 2 + p""^'"^ (p^+^ - 1) /or j = 0, . . . , m - 2 
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and 

k,n-i :^p"'-\p+l) 

and define just ko :~ p + 1 if m = 1. 

Then ko < ■ ■ ■ < km-i and there are modular forms /o, . . . , fm-i, depending only 
on p and m, of weights k^, . . . , km-i, respectively, that have rational q-expansions, 
satisfy Vp{fj) = for all j , and are such that 

i=o 

as a congruence between (formal) q-expansions. 

When m — 2 wc can, and will, be a bit more explicit: 
Proposition 2. We have: 

G2^fo+p-fi (modp2) 

with modular forms fo and fi of weights 2 + p(j) — 1) and p{p + 1), respectively, 
explicitly: 

G-i = G2+p(p_i) + p ■ G^+i (mod p^). 

It is amusing to note the following consequence of the Proposition: For p ^ 2,3, 
we have the following congruence of Bernoulli numbers, 

2 p(p - 1) + 2 p+1 

However, this can also be seen in terms of p-adic continuity of Bernoulli numbers 
(cf. [10], Cor. 5.14 on p. 61, for instance). 

Before the proofs of these propositions we need a couple of preparations. 

Let k be an even integer > 2. Recall from [9] that if we choose a sequence of 
even integers ki such that /c^ — >■ cxd in the usual, real metric, but fc^ — > fc in the 
p-adic metric, then the sequence Gk^ has a p-adic limit denoted by G^. This scries 
Gl is a p-adic modular form of weight k. It does not depend on the choice of the 
sequence kt. In particular, we can, and will, choose ki := k + p^^^{p — 1), because 
if we chose another k[ = k + Xp^~^{p — 1), where A > 2, then Gk' = Gk^ (mod p^) 

so that Gfc' — GkiEp'"^^ in Mk'C^/p^Z) is not essentially different. 

Lemma 1. Let k be an even integer > 2 and assume (p — 1) | fc. Let i e N. 
Then Gl = Gk+pt-i(^p-i) (p*). 

Proof. Let u,v >t. We claim that Gfc„ = Gk„ (p*). Since the series Gki converges 
p-adically to G^, the claim clearly implies the Lemma. 

If M = w the claim is trivial, so suppose not, say u < v. Then fc.„ — k^ = 
p'"^^{p — 1) — p"^^(p — 1) is a multiple of p*^^{p ~ 1), say k^ — ku = s ■p'^^^{p — 1). 
We also have fc„ — fc^ > 4. Hence, we find that G := Gk^ ■ E^t-n^p_i) is a modular 
form of weight fc„, and we have Gfc„ = G (p*). 

Now notice that, when i > t, we have: 

d\n d\n 
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as dP' '^P^i) = 1 (p*) when p \ d a.nd i > t, and as d?' '(p-^) = (p*) when p \ d 
and i>t (because p*~^{p — 1) > t as long as p 7^ 2). 

We conclude that the nonconstant terms of the series Gk^ and Gk^ are termwise 
congruent modulo p*. The same is then true of the forms G and Gk^ that are both 
forms of weight ky. Hence, the nonconstant terms of the form (G — G^^^jp* are all 
p-integral. As fc^, = fc ^ (mod (p— 1)), it follows from Theorcme 8 of [8] that the 
constant term of this form is in fact also p-integral. Hence, 

Gfe„ = G = Gfe„ (p*) 

as desired. □ 

Recall that the Y operator is defined on formal (/-expansions as 

Corollary 2. We. have 

m—l 

G2=Y. P' ■ I V') (mod p") 

as a congruence between formal q-expansions. 

Proof. Recall from [9], §2, the identity, valid for any even integer k >2, that 
Gk = Gl+ {Gl\ ¥) + ...+ p*''^-!) {Gl\V') + .... 

The identity is first an identity of formal q-expansions, but then shows that Gk 
is a p-adic modular form as V acts on p-adic modular forms, cf. [9], §2. 

If we specialize this identity to the case k ~ 2, reduce modulo p™, and note that 
the previous Lemma applies since (p — 1) f 2, the claim follows immediately. □ 

We can also see the V operator as an operator on modular forms: Suppose that 
/ e Mfe(SL2(Z);C). Then (/ | V)iz) = f{pz), and as is well-known f \ V £ 
Mk{To{p);C). The proof of the next lemma is a simple application of section 3.2 
of [9]. Recall that if / S Mfc(SL2(Z); Qp) is nonzero with g-expansion ftn?" we 
define Vp{f) := min{wp(a„) | n € N} where Wp(a„) is the usual (normalized) p-adic 
valuation of a„. 

Lemma 2. Let f e il//j(SL2(Z); Q) and suppose Vp{f) = 0. Let i G N and suppose 
that s £ Z>o is such that 

inf(s + l,p" + l-k)>t. 

Then there is h £ A/j._|.p3(p_]^-) (SL2(Z); Q) with Vp{h) = 0, and such that 

f \ V = h (mod p*). 

Proof. As we noted above, / | is a modular form of weight k on Tq(p). Since 
f \V = J2 o-iiQ"^ if / = X] o.nq"' we have Vp{f \V) = 0. Recall the Fricke involution 
for modular forms on ro(p) given by the action of the matrix 

Since 

f\v^p-'/'f\,{l',), 
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(recall that the weight k action is normalized so that diagonal matrices act trivially), 
since 

(pO\ (0 _ (0 -1\ (pO\ 

and since / is on SUiZ) we see that / | VW p-''/^f so that Vp{f \ VW) = -fc/2. 
Now let := and put 

g -.^E-pP-^E I V) 

so that g is a modular form of weight p — 1 on To{p). Then, if we put 

/, :== tTiif\V)-gP') 

for s G Z>o where tr denotes the trace from To{p) to SL2(Z), it follows from section 
3.2 of [9] that fs is a modular form on SL2(Z) of weight k + p'^{p — 1) and rational 
g-expansion. Furthermore, Lemme 9 of [9] implies that 

Vpifs-{f\V)) > Mis + l,p-' + l + Vpif\VW)~k/2) 
= inf(s + + 1 - fc) > t. 

Hence, we can choose h fg. As f \ V = h (mod p*) and Vp{f \ V) ~ 0, we 
must have Vp{h) — 0. □ 

Proof of Proposition 1: That the defined weights kg, ... , km-i satisfy kg < ... < 
kfn-i is verified immediately. 

Thus, starting with Corollary 2 we see that it suffices to show that for each 
j G {0, . . . , m — 1} there is a modular form fj of weight kj with rational g-cxpansion 
and Vp{fj) = 0, and such that 

G2+p^-.-Mp-i) I V' = fi (mod p"-^). 
If m = 1, = we just take /o := Gp+i, so assume m > 2. Then, if j = m — 1, 
note that 

Gp+i I = G^+i ' (modp) 

so that we can take fm-i '■= G^p+i that is of weight k„i-i = p™^~^{p + 1). 

So, suppose that j < m — 2. We claim that for r ~ 0, . . . , j there is a modular 
form gr of weight 2 + p"^^^^^{p^^^ — 1), rational g-expansion with Vp{gr) = 0, and 
such that 

G2+p".-^-i(p-i) I = g,. (mod p"-^) 
which is the desired when r — j. 

We prove the last claim by induction on r noting that the case r = is trivial. 
So, suppose that r < j and that we have already shown the existence of a modular 
form gr as above. Notice that 

pTn-j+r + 1 _ (2 + p™-J-l(p'-+l - 1)) = -l>m-j 

holds because m — j > 2 (we used here that p > 2). Thus we see that Lemma 2 
applies (taking s = m — j + r) and shows the existence of a modular form gr+i with 
rational (/-expansion and Vp{gr+i) = 0, such that 

gr\V = gr+i (mod p™-^"), 

and such that gr+i has weight 

2+p"'^^~\p'-+^ - 1) + p'"-^+'-(p - 1) = 2+p"'-i-\p'-+^ - 1), 

and we are done. □ 
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Remark 1. It is interesting to note that in the induction, the inequalities do not 
allow us to deal with the case j ~ m — l, but then we use the congruence f \ V = 
(mod p) to take care of the last term. 

Proof of Proposition 2: Again by Corollary 2 we have: 

G2 = G2+p(p-i) + p ■ (Gp+i I V) (mod 

Noting again that Gp+i | V = G^^i (mod p) so that 

p-iGp+i\V)=p-Gl_,, (modp2), 

we are done. □ 

2.2. Definition and properties of the 9 operator. Recall the classical 9 ope- 
rator acting on formal (jf-cxpansions as i.e., 

If / = f^n?" £ Mk{N, C) is a modular form of weight k then 

^df := 9f -^E2-f = 9f + 2fcG2 • / 

is in Mfe+2(^, C) (we used B2 — so that E2 = — 24G2): This follows by writing 
9 = 2^ • ^ (as q = e^'^*^) and by combining with the classical transformation 
properties of E2 under the weight 2 action of SL2(Z). Thus, we see that the 
operator d defines a derivation on M{N,Zp) := (BkMk{N,Zp). 

If we now rewrite the above as 9f = j^df—2kG2-f and combine with Proposition 
1, wc obtain the following proposition. 

Proposition 3. Let N,m eN. For every fc G N, there exists a linear map 

ni—l 

9 : Mk{N, Z/p™Z) Mk+2{N, Z/p™Z) ® p^ Ah+k, (N, Z/f^Z) 

j=o 

with the kj as in Proposition 1, and whose effect on q-expansions is X)^"?" ^ 
J^nanq". 

Clearly, applying Proposition 2 instead of Proposition 1 for the case m = 2, we 
have: 

Proposition 4. For every k E N there exists a linear map 
9: Mk{N,Z/p^Z)^ 

Mk+2{N,Z/p^Z) (B Mk+2+p{p~i)iN, Z//Z) ©pA4+p(p+i)(iV, Z/p^Z) 
whose effect on q-expansions is '^Onq"' ^ '^nanq"- 

One can sec 9 modulo as mapping to the single weight k + fc(m) where 

k(m) ■.= 2 + 2p"'-\p-l). 

This is because, for each j = 0, . . . m — 1, we have - as one easily checks - that 
k{m) ~ kj is a multiple of p™^^^^{p — 1) so that we have a natural inclusion 

p^Mk+k, {N, Z/p'"Z) ^ p'Mk+kim) {N, Z/p™Z) 

for each j. 
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Theorem 1. The classical theta operator 6 induces an operator 

e : M,(7V,Z/p'"Z) ^ il4+fe(„)(iV,Z/p'"Z), 

where k{m) = 2 + 2p"'~^(p — 1). 

The 9 operator modulo satisfies the same simple commutation rules with 
Hecke operators ^ P prime) that are well-known in the case m = 1. 

Proposition 5. Let k,m ^ N and let £ be a prime with £ ^ p. Then 

Tee^£- OTe 

as linear maps Mk{N, Z/p'"Z) ^ ©^1^^ p>Mk+k, (N, Z/p"Z) ^ Z/p"'Z[[q]], where 
the last arrow denotes the q-expansion map. Consequently, we have T^O ~ £OTi as 
linear maps Mk{N,Z/p""L) il4+fe(„)(iV, Z/p™Z). 

Proof. Let / e Mk{N, Z/p'"Z) with g-expansion J2n ^nQ^- If we denote by J2n 
the (/-expansion of the j'th component of 9f then it follows that we have 

m — 1 
3=0 

for all n. Furthermore, the gr-expansion of T{Of is 

n \j=0 J 

(with the usual convention that a^i^ := if ^ -j" n.) 

Now, since Vp{an^) > j for all n and each j, since kj = 2 (mod p^^^^^ip — 1)), 
and since £ ^ p, we find 

Hence, the n'th coefficient of the g-expansion of T(B] equals 

m — 1 

which is precisely £ times the n'the coefficient of the g-expansion of OTgf. □ 

3. Weight filtrations on packages of modular forms 

For even fc S N, the monomials Q"-R^ such that Aa -\- Qb = k form a Zp-basis 
for Mk{ljp) and we have that M{'Lp) :— @kMk{1,p) = Zp[(3,i?] as a Zp-algebra, 
where Q ^ E4 and R = Eq are the normalized Eisenstein series of weight 4 and 6, 
respectively. Furthermore, Zp[Q,i?] = Zp[X,Y], where Zp[X, y] is the polynomial 
ring over Zj, in the variables X and Y . Thus, 

Af(Zp) = (BkMkiZp) = Zp[X,Y] 

Mk{Zp)^ 

4a+6b=k 
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and 

M{Z/p"'Z) = ®kMk{Z/p"'Z) = Z/p"'Z[X,Y] 

Aa+6b=k 

where the k S Z>o are even. Hence, Af(Zp) = Zp[X,Y] (resp. M(Z/p™Z) ^ 
(Z/p™Z)[X, y]) is a graded Zp-algebra (resp. Z/p™Z-algebra), where the gradmg 
is given by the weight. An element in M(Zp) (resp. M(Z/p'"Z)) is said to be isobaric 
of weight k if it is a Z^-Hnear (resp. Z/p™Z-Unear) combination of monomials of 
weight k where X and Y are defined to be of weight 4 and 6, respectively. 

Let 1 < t < m. Then p^F is isobaric of weight k in (Z/p'"Z)[X, Y] if and only if 
F is isobaric of weight k in (Z/p'"-*Z)[X, r], 

Theorem 2. ///i,/2 G AIk{Z/p™Z) or Affc(Zp) /laue t/ie same q-expansion in 
(Z/j3''"Z) [[(/]] orZp[[g]], respectively, then they are equal. 

Proof. This is the g-cxpansion principle. □ 

Although we shall not use the following theorem directly, we provide it here for 
completeness. 

Theorem 3. Assume p > b. Let M{Z/p'^Z) = ®kMk{Z/p'^Z) be the ring of 
modular forms for SL2(Z) over Z/p^Z. The image of Af (Z/p^Z) under the q- 
expansion map, which lies in (Z/p^Z)[[g]], is isomorphic to {Z/p'^Z)[X, Y]/a2, where 
02 = (p(^-l),(A~l)2), Ep^i=A{Q,R), and AeZp[X,Y]. 

Proof. Katz' description of the ideal of congruences of higher order [5, Theorem 
4.4] shows that the kernel of the map Af(Zp) Zp[[q\] Z/p^Z^q]] is given by 

h = {{Ep^i-lf,p{Ep^i-l),p^). 

Since A/(Zp) = Zp[X,Y] and M{Zlp^Z) = M{Zp) ®Z/p^Z = {Z/p^Z)[X,Y], the 
result follows. □ 

Lemma 3. Let A e (Z/p'"Z)[X, F] be nonzero in ¥p[X,Y]. 
If AH = m {Z/p"'Z)[X,Y], then H = m (Z/p'"Z)[X, F]. 

Proof. The assertion is true for m = 1 as Fp[Ar, Y] is an integral domain. Suppose 
AH = Oin (Z/p™Z)[X,y]. Then AH = in ¥p[X,Y] so that = in ¥p[X,Y]. 
Thus, H = pHi in (Z/p'"Z)[X, F], and since AH = ApHi = in Z/p"Z, we have 
that AHi = in {Z/p"'-^Z)[X,Y]. By the induction, Hi = in (Z/p™-iZ)[X, F], 
so H = pHi = in (Z/p"Z)[X, Y]. □ 

Lemma 4. Let {Z/p™Z)[X,Y] be graded by the weight, i.e. X has weight 4 and Y 
has weight 6. Suppose A G {Z/p™'Z)[X, Y] is isobaric of weight ko and A is nonzero 
in ¥p[X,Y]. Suppose F is isobaric of weight k and F ~ AG in {Z/p"^Z)[X,Y]. 
Then G is isobaric of weight k ~ kg. 

Proof Write G = Gi + ... + Gt where e {Z/p"'Z)[X, Y] is nonzero and isobaric 
of weight ki , where fci < . . . < fct . Then 

F = AG 

= A(Gi + ... + Gt) 

= AGi + ... + AGt. 
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By Lemma 3, none of the AGi = in (Z/p'"Z)[X, F]. Each AGi is isobaric of 
weight ki + ko. Comparing both sides, we obtain that t = 1 and F = AG, where 
G = Gi is isobaric of weight ki ~ k ~ ko- □ 

Theorem 4. Suppose for i = 1,2, we have that fi E AIki{'Lp), fi ^ (mod p), 
k2 > ki, and J2 = fi (mod p™). Write fi ~ Fi{Q, R) and Ep-i — A{Q, R), where 
Fi,Ae Zp[X,Y]. Then fcz = fci +p""^(p- l)t and 

F2=Fi(AP"^'y (modp") 

for some t > 0. 

Proof. It is known that the congruence /2 = /i (mod p™), together with the con- 
ditions fi^O (mod p) and k2 > ki, imphes that fc2 = fci + p"''~^{p — l)t for some 
t > 0, assuming fc2 > ki (cf. [8, Remarque aprcs Theoreme 2] or [2]). Now, 

f2^fi^fi{Ef:;y (modp"). 

Since /2 and /i (^Ep_-^ ^ both have weight /c2, by the g-expansion principle they 
are the same in A/fe(Z/p™Z), and hence 

F2 = Fi (ylf""')* (modp"). 

□ 

If / G il/A;(Z/p'"Z), / ^ (mod p), we define the weight of / modulo p™ as 

(1) Wp,. if) = min {fco e Z>o : / = (mod p"), G A4„ (Z/p'"Z)} . 

For / G A/fe(Z/p™Z), / ^ (mod p), we have that Wpm[f) = k if and only if 

/ ^ A4-p™-i(p-i)(Z/p"Z) ^ Mk{I./p"'Z). 

Theorem 4 allows us to deduce the following facts concerning the weight of / G 
A/fc(Z/p'"Z). 

Corollary 3. Let f G A/fc(Z/p"Z), / ^ (mod p). Thenwpr^{f) = k (mod p"-i(p- 
!))• 

Corollary 4. Let / G A/fc(Z/p'"Z), / ^ (modp), and / ^ F{Q,R) and 

Ep^i ^ A{Q,R), where f,Ae {Z/p'^Z)[X,Y]. Then Wp^{f) = k- tp"'''^{p - 1) 
if and only if Ap""''* \ F, Ap"'''^*+^^ F in (Z/p™Z)[X, F], where t > 0. 

Proof. If Wpm (/) = fc — tp'"'-^^{p — 1), then f = g (mod p™) for some 

5G A4_4p™-i(p_i)(Z/p™Z), 

with f,g^O (mod p). By Theorem 4, Ap""'* | F in (Z/p™Z)[X, F]. 

Conversely, suppose Ap""~ * | F in (Z/p'"Z)[X, F]. Note that A IS non-zero 
in ¥p[X,Y]. Then by Lemma 4, F = ^^''""''G in (Z/p"Z)[X,F] for some G G 
(Z/p™Z)[X,F] which is isobaric of weight fc-tp"-i(p- 1). Thus, / = g (mod p") 
for some g G Afji;_jpm-i(p_i)(Z/p'"Z). □ 

We will need the following facts concerning divisibility in {Z/p^Z)[X,Y]. 

Proposition 6. Let A, F, Fq, Hq G (Z/p^Z)[X, F], w/iere A is nonzero in ¥p[X, Y], 
s > t > Q, si >Q. Then we have the following: 
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(1) A'' I pF in {'L/p^'L)[X,Y] if and only if A'' \ F in ¥p[X,Y]. 

(2) A" I F, A^+^If m {Z/p^Z)[X,Y], and A''+''^ \ F, A'^+'^i+i m¥p[X,Y] 
if and only if F = A''+''^ Fq + pA" Hq, where A\Fq,Hq in Vp[X,Y]. 

(3) A' I A*F in Vp[X,Y] if and only if A''* \ F in Vp[X,Y]. 

(4) A" I A^F in {Z/p^Z)[X,Y] if and only if A"-* \ F in {'L/p^Z)[X,Y]. 

Proof. For the first assertion, note that A^ \ pF if and only if pF = A^H in 
(Z/p^Z)[X, F]. But A is nonzero in Fj,[X, F], so by Lemma 3 we must have that 
H = pK for some K e {Z/p^Z)[X, Y]. Thus, A" | pF in {Z/p^Z)[X, Y] if and only 
if pF ^ A^H = A^pK in {Z/p^Z)[X, Y] if and only if = A^K in ¥p[X, Y] 

For the second assertion, write F = A^+'^Fo+pH in {Z/p'^Z)[X,Y]. If .4" | F 
in Z/p^Z, then A' \ pH, so A" \ H in Vp[X,Y] and hence F = A"+"iFo + p^'i/o 
in {Z/p'^Z)[X,Y]. li A \ Hq in Vp[X,Y], then | F in {Z/p'^Z)[X,Y] (for 

si > 1, this follows immediately, otherwise F = A'^Fq +pA'^Hq = A'^{Fq + pFq) + 
pA'^[Ho — Fq) is of the required form). Conversely, if = A^+^'^^o +pA'^H^) in 
(Z/p2z)[X,y], where A \ Fo,Ho in ¥p[X,Y], then A" \ F in {Z/p^Z)[X,Y], and 
^s+i I F in (Z/p^Z)[X,Y] (since if A^'+i | i^, then | (A^^Fq + pHo), so either 
si > 1 and I Ho in Fp[X, Y] or si = and A | Fq in Fp[X, F]). 

The third assertion follows from the fact that ¥p [X, Y] is an integral domain. 
Now if A" I A*Fin (Z/p2z)[X,y],sothat A*F = A^i/forsomei/ e {Z/p^Z)[X,Y], 
and hence F = A^~* F^+pH for some Fq, H G (Z/p^Z)[X, F] by applying Lemma 3. 
Thus, A*F = A'Fo +pA*H. Now, A" \ A*F in (Z/p2z)[X,r] implies that 
A" I in {Z/p'^Z)[X,Y], which in turn implies that A" \ A*H in ¥p[X,Y], 

whence A"-* | H in Fp[X, F] and the finally A"-* \ F in iZ/p^Z)[X, Y]. □ 

Proposition 7. Lei / e Mk{Z/p'^Z), / ^ (mod p), anrf write / = F{Q,R) and 
Ep-i = ^(Q,i?), w/iere F, A G (Z/p2z)[X, F] . Then F = A^+^'^Fq +pA'Ho for 
some s,si > 0, FQ,Hn G {Z/p'^z})[X,Y], A\ Fq^Hq in¥p[X,Y]. Furthermore, Fq 
can be taken to be isobaric of weight k ^ (s + Si){p — 1) in (Z/p^Z)[X, Y] and Hq 
isobaric of weight k — s{p — 1) in ¥p[X, Y]. 

Proof. Note first that A is nonzero in Fp[X, Y]. Since / ^ (mod p), we have that 
F is non-zero in ¥p[X, Y]. Thus, there exist s, si > such that A" \ F, | F in 
(Z/p2z)[X,r], and ^"+"1 | F, | F in Fp[X,y]. By Proposition 6, we can 

write F = A'+'^Fq + pA'Ho, where A\Fa,Hain ¥p[X, Y]. 

We claim that we can modify Fq^Hq in the above expression for F so that Fq 
is isobaric of weight k ~ {s -\- si){p — 1) and is isobaric of weight k ^ s{p — 1) 
in (Z/p^Z)[X, F]. Since F,A are isobaric of weights k and p — 1, respectively, and 
F = A^+^^Fo in Fj,[X, Y], we conclude that Fq is isobaric of weight fc— (s + si)(p— 1) 
in Fp[X, y] by Lemma 4. Thus, Fg = Fi + pF2 where Fi is isobaric of weight 
k~{s + si){p-l) in (Z/p2Z)[X,r]. Hence, F = A^+^^Fi +p^"i?i in (Z/p2Z)[X,y] 
as before, where Hi ~ HQ+A^^F2^ but now Fi is isobaric of weight fc — (s + si)(p— 1) 
in (Z/p2Z)[X,r]. Finally, Hi is isobaric of weight k - s{p - 1) in Fp[X,y] as 
p _ yl''+''iFi pA^'Hi, so that is isobaric of weight k in ¥p[X,Y]. By 

Lemma 4, i/i is isobaric of weight fc — s(p — 1) in Fp[X, Y]. □ 

For / G A/fe(Z/p2Z), / ^ (mod p), write / F{Q,R) and Fp_i = A(Q,i?), 
where F,yl G {Z/p^Z)[X,Y]. If F = A"+"iFo +pA'Ha, A \ Fq^Hq in Fp[X,r], 
then we define the mass of / to be m.p2{f) := (s + si,s). This is well-defined by 
Proposition 7 and 6. 
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Although we do not refer to the below lemma directly, the principle is used 
repeatedly in later proofs. 

Lemma 5. Let f e il/fc^ (Z/p^Z), g e K ^^{1, / p^T,) , f , g ^ (modp). Suppose 
mp2(/) = [s + si, s),mp2{g) = (t + ti,t). Let us lexicographically order masses. 
Then mp2 (fg) > {s + si + t + ti , s + t + min{si, ti}); equality holds if si ^ t\. 

Proof. Let F = A^'+'^Fq + pA'^Fi, G ^ A^+^^Gq +pA*Gi, where A f Fq, Gq, Fi, d 
in Vp[X,Y]. Then 

FG = [A'+'^Fo + pA''Fi)(^*+*iGo + pA^Gi) 

= A-'+'^i+^+^iFoGo +M'+*+*'^^iGo + pA'+'^+'^F^Gi 
= A'+'^+'+^^F^Go+pA'+^iA'^FiGo+pA'^FoGi). 

□ 

Corollary 5. Let / e Mk{1/p'^Z), and write f = F{Q,R) and Ep^i ^ A{Q,R), 
where F,Ae {Z/p'^Z)[X,Y]. Suppose that F = A'+''^ Fq + pA' Hq for some s,si > 
0, Fo,Ho e iZ/p^Z)[X,Y], A\Fo,Ho m ¥p[X,Y]. Then we have that 

Wp2{f) = fc - [s/p\p{p - 1) 
Wpif) = k-is + s,){p-l). 

Proof If wc put t [s/p\, then ^p* | F but | F in (Z/p2z)[X,y] by 

Proposition 6, and hence Wp2(f) = k — ls/p\p{p — 1) by Corollary 4. Similarly, 
Wp{f) = k~{s + si)ip-l). □ 

Proposition 8. Suppose A,Fg {Z/p'^Z)[X,Y], where A is nonzero in ¥p[X,Y], 
and F ^ A'+'^Fo + pA'Hq, Fq^Hq G iZ/p^Z)[X,Y], A \ Fq^Hq m Fp[X,r], 
s,si > 0. Assume also that A is coprime to dA in ¥p[X,Y]. 

Then, ifl<s<p-l, we have that A"'^ \ dF, but \ dF, in {Zlp^Z)[X, Y]. 
In particular, A^ \ dF. 

Proof. We find 

OF = {{s + s,)idA)Fo + AdFo) + pA'-^ is{dA)Ho + AdHo) . 

Suppose first that p \ s + si. Then A divides neither (s + si){dA)Fo + AOFq nor 
sdHo + AdH in ¥p[X, Y] (as p \ s). Proposition 6 (2) then shows that A"-^ \ dF 
in {Z/p^Z)[X,Y], but A''\dF in {Z/p^Z)[X,Y]. 

If p I s + si we must have si>lass<p— 1. Writing then 

dF = A'+'^dFo + pA"-! ( ^-i^A-^i (dA)Fo + s(dA)Ho + AdHo 

\ P 

we have that the contents of the parenthesis is not divisible by A in ¥p[X, Y]. Thus, 
if OFq is nonzero in Fp[X, F], the desired follows from Proposition 6 (2) whereas it 
follows from Proposition 6 (1) if OFq — 0. □ 

Theorem 5. Let f e MkiZ/p^Z), / ^ (mod p), f = F{Q, R), Ep^i = A{Q, R), 
Epip-i)+2 = B{Q,R), Ep+i = GiQ,R) where F,A,B,Ge Zp[X,Y]. 

Write F = A''+-'^ Fq + pA' Hq m {Z/p^Z)[X,Y], where s,si>Q, A\ Fo,Ho m 
¥p[X,Y]. 

Assume that Wp2 (/) = k and 9f^0 (mod p). Then < s < p — 1. 
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(i) Suppose that fc ^ (mod p). Then Wp2 (Of) < k + 2p{p — 1) + 2 with equality if 
and only ifwp{f) ~ k or k — (p—l) which again is equivalent to \ F in ¥p[X, Y] . 

If A^ \ F in ¥p[X,Y] and Si ^ p + I, write Wp{f) = k - t{p - 1), where 
t = s + si >2. 



(ii) Suppose that k = (mod p), but k ^ (mod p^). Then Wp2{0f) < k + p(j> — 
1) + 2, and Wp2 (Of) = k + p{p — 1) + 2 if and only if Wp(/) = k which again is 
equivalent to s = si = 0. 

If s > 1, then Wp2 (/) = k + 2. 

(Hi) Suppose that k = (mod p^). Then Wp2(9f ) < k + 2. If in addition we have 
s > 1, then Wp2 (/) ~ k + 2. 

Proof Note that A is nonzero in Fp[X,y] as Ep^i ^ in A/p_i(Z/pZ). The 
condition Wp2 (/) — k imphes 0<s<p— Iby Corollary 4. Obviously, we have 
Wp2 {Of) < k + 2p{p — 1) + 2 in any case. Also, the condition 9f ^ (mod p) means 
that we Wp2[f) = k (mod p{p — 1)). 

Set P = E2. We know that 9f = ^Pf + -^df where d is the derivation 
of M{'Lp) ^ Zp[X,r] such that dQ = -4i? and dR = -GQ^. Since Ep_i = 1 
(mod p) we have that OEp^i = (mod p) so that (p — l)PEp^i + dEp^i = 
(mod p) and hence dEp^i = PEp-i = P = Ep+i = £'p(p_i)_(.2 (mod p). Since 
EpZ\dEp^i = i?p(p_i)_|_2 (mod p) both have weight p{p — 1) + 2, we have that 
AP~^dA ^ B in ¥p[X,Y\ by the (/-expansion principle. Similarly, Epj^i = dEp^i 
(mod p) both have weight p+1, so dA = C in Fp[X, Y] by the g-expansion principle. 

Now, d^A{Q,R) = d{PEp_i) = dP ■ Ep_i + PdEp_i (mod p). Since _^ 
l^dP = 6'P = J^(P2 - Q), we have that dP = -P^ - Q so that d^A = -QA 
in Fp[X, F], since P^Ep^i = Ep+iP (mod p) have the same weight. Thus, A 
satisfies a second order partial differential equation in Fp [X, Y] and according to 
Serre [8, CoroUairc 1] this implies by a standard argument of Igusa that A is coprime 
to dA = C in Fp[X, y]. (Alternatively, see [7] Theorem 7.3, p. 167). Hence, 
B = Av-^dA in Fp[X, Y] and is not divisible by A^ in ¥p[X, Y]. 



Let g = ^df ^ef- ^Pf e AIk+2Wp^Z). Write 
f^F{Q,R), 

g^G{Q,R)^^dFiQ,R) = ^df, 
0f^H{Q,R), 
where F,G,H e {Z/p^Z)[X,Y]. Then 




H 
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(recall that b and c are the constant terms of Gj,(p_i)+2 Gp+i, respectively). 

(i) Suppose fc ^ (mod p). By Corollary 4 we have z/;p2 {9f) ~ k + 2p{p — 1) + 2 
if and only ii Ap \ H in {Z/p'^Z)[X, Y]. 

Now, if \ F in Fp[X,r], then H is not divisible by Ap in (Z/p2z)[X,y] 
by Proposition 6. Hence, Wp2{0f) = k + 2p{p — 1) + 2. On the other hand, if 
yl2 I F in ¥p[X,Y], then Ap \ 2kpcPCPFAP-'^ in {Z/p^Z)[X,Y], and hence Ap \ H 
in {Z/p'^Z)[X,Y]. 

In other words, Wp^ {0f) = k + 2p{p - 1) + 2 if and only if \ F in ¥p[X, Y]. 
By Corollary 4 this condition is equivalent to Wp{f) ~ k ot Wp{f) = k — {p — 1). 

Now, suppose A^ | F in Fp[X, y], which corresponds to Wp{f) = fc — t{p — 1), 
where t ^ s + si > 2. Then 

H = AP (~2kbB{A'+'''Fo + pA'Ho) + AP^dF - 2kpcPCPA'+''-^FA 



= AP -2kbBA'+''Fo - 2kpbA'+P-^CHo - 2kpcPCP A'+^'-^Fq + AP—dF 



K = -2kbBA'+''Fo - 2kpbA'+P-'^CHo - 2kpcPCPA'+''-^Fo 

= -2kbBA'+''^Fo -pLo 
Lo = 2kbA'+P-^CHo + 2kcPCPA'+''-^Fo. 

Suppose si ^ p+1. Then s+p — 1 ^ s + si—2. Put S2 := s — 2 + min {p + 1, si} so 
that S2 is either s + si~2 or s+p—1. Note that < S2 -=3 — 2 + min {p + 1, si} < 
s + si-2 < s + si. We deduce that A'-^ \ Lq, A'^+'^ \ Lq in ¥p[X, Y] so A'^ \ K, 
A^^+^\K in {Z/p'^Z)[X,Y] by Proposition 6. 

Writing S2 = s + si + min{p — 1 — si, —2} = t + min {p — 1 — si, —2} we have 
now Wp2 {Of) = k +p{p - 1) + 2 if t + min {p - 1 - .si , -2} < p, and Wp2 {Of) < k + 2 
if t + min {p — 1 — si, —2} > p, again using Corollary 4. The result follows now 
from the relation — min {a, b} = max {—a, —6}. 

If si = p + 1 so that s+p— l = s + si — 2, then by definition of S3 > the 
highest power of A which divides Lq = 2kCA'+P-^ {bHo + cPCP'^Fq) in ¥p[X,Y] 
is s + p — 1 + S3 . Thus, if s + p — 1 + S3 < p, then Wp2 {Of) ~ k + 2+p{p— 1), and 
otherwise Wp2{0f) < k + 2. 

(ii) Suppose fc = (mod p), but k ^ (mod p^). Then 



using B ^ AP^^dA and dA^C in ¥p[X, Y]. We see that Wp2{0f) < fc+p(p- l) + 2 
with equality if and only if A^p \ H in {Z/p^%)[X, Y], by Corollary 4. 

Now, A^P I H in {Z/p^Z)[X,Y] if and only if s + si > if and only ii A \ F 
in Fp[X, y] by Proposition 6. Hence, Wp2{0f) = k + p(p — 1) + 2 if and only if 
Wpif) = k. 

Suppose now that s > 1 so that 'Wp2 {Of) < fc + 2 with equality if and only if 
A^P \ H. 




Let 



H = -2kbBFAP + A^^r^dF 
= -2kbA^P-^+'+''^CFQ + A^P^dF. 
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By Proposition 8 wc now have A"'^ \ dF but A^ \ dF in (Z/p2z)[X, Y]. Thus, 
if si we sec that ^2p-i+s | j^2p+s | ^ {Z/p^Z)[X,Y] by Proposition 6. 
As s < p — 1 wc thus have A'^^ \ H. 

On the other hand, if si > 1 then A^v+' \ 2kbA^P-^+'+^^CFo but A^p+'' \ 
A^P-^dF in {Z/p^Z)[X,Y], and we have again that ^2^+" \ H in {Z/p^Z)[X,Y]. 

(in) Suppose then that fc = (mod p^). Then 0f = -^df, H = A^P^dF, and 
Wpi{Of) < k + 2. If s > 1, then by Proposition 8, Ap { dF in {Z/p^Z)[X,Y], so 
that A^P \ H in (Z/p'^Z)[X, Y] by Proposition 6, and therefore Wp2 (F) = k + 2. □ 

Corollary 6. Suppose p\k. Then the kernel of 

6 : MkiZ/p^Z) ^ A4+2+2p(p-i)(Z/p2Z)/A4+2+p(p-i)(Z/p2Z) 

is given by the submodule ^^Mj._2(p_i)(Z/p'^Z) + pAIk{Z/p'^Z). In particular, 
p9{f ) e Mfc+2+p(p-i)(Z/p'Z) for any f e NhiZ/p-^Z). 

Proof. The assumption p \ k means that we cannot have 6f = (mod p) using 
properties of 9 modulo p. 

If / = (mod p) , then F ~ pFi so that 

= ( - 2kbBF + AP^dF^AP - 2kpcPCPFAP-^ , 

= - 2kbBpFi + AP^dpFi^AP 

= ( - 2kbAP-^dApFi + AP^dpFi^AP 

= pA^P-^ ( - 2kbdAFi + A^dFi^ . 

Thus, AP I H. 

If / ^ (mod p), then we apply Theorem 5 (i), which shows that Wp2{6f) < 
fc + 2 + j9(p - 1) if and only if | F in ¥p[X, Y]. □ 

This suggests the module Mk{Z/ p'^Z) / Mk-p[p-i){Z/ p'^Z) is not free over Z/p^Z. 
In fact, this can be seen directly by considering the element 

f = El_J^+ph^^Mk{Z/p'Z), 

where /o e Mfc_p(p_i) (Z/p^Z), /o ^ (mod p), ho e Mk{Z/p^Z), Wp{hn) = k. 
Then Wp.U) =k,f^O (mod p), yet pf = pEP^_Jo e ^^.^(^.^(Z/p^Z). 

The non-freeness over Z/p^Z of these quotient spaces, as well as the complicated 
nature of the weight filtration under 6 modulo p^ seems to prevent any kind of 
straightforward generalization of Jochnowitz-type arguments to the mod p^ situa- 
tion, as perhaps might be expected. 

4. An EXAMPLE 

As an illustration of Theorem 5 and specifically of Corollary 1, consider A G 
Mi2(Zp) and p = 5. We have u'p2(A) = Wp{A) = 12, and further that Ep^i = 
E4 = Q and Ep+i = Ee ^ R, and A = jf^giQ^ - R^)- 

Hence, A = X,C ^Y. 

Moveover, G22 = aEiEe+^EiE^, where a = -19061/1841, and /3 = -5125/138. 
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Since dQ = —AR, dR ~ — 6Q^, we have that 

dA = -^{3Q'dQ-2RdR) 



^ (3g2 • (-4i?) - 27? . (-6Q2)) 



1728 
0. 



We have 

G2 = G22EI + 5GlEl (mod 25), 
using Proposition 1. Hence, 

0A = -24G2A + 
= -246*2 A 

= (G22SI + 5GlEl)A (mod 25) 

which displays 6 A as congruent modulo 25 to a form in 71/54(25). 
The polynomial in (Z/25)Z[X, Y] which corresponds to this form is 



H{X, Y) = {{aX^Y + /3Xy3)X^ + 5(-504y)''X''); 



1728 

As the polynomial H{X, Y) is not divisible by X^ in (Z/25)Z[X, Y], there is no 
form h in AhiCZ^) with eA = h (mod 25). Thus, 

Wp2{9A) = 54= 12 + 2 + 2 •p(p- 1). 
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